Holographic Formulation of Quantum Supergravity 

Yi Lingf and Lee Smolin* * 

Center for Gravitational Physics and Geometry 

Department of Physics 

The Pennsylvania State University 



Ph! 



University Park, PA, USA 16802 



O 

CI,! and 

C/5 ■ The Blackett Laboratory 

en ; Imperial College of Science, Technology and Medicine 

South Kensington, London SW7 2BZ, UK 
> 

February 1, 2008 
O' 

O 
O. 

Abstract 



We show that N = 1 supergravity with a cosmological constant can be expressed 



as constrained topological field theory based on the supergroup Osp(l|4). The theory 
is then extended to include timelike boundaries with finite spatial area. Consistent 
^ boundary conditions are found which induce a boundary theory based on a supersym- 

metric Chern-Simons theory. The boundary state space is constructed from states of 
the boundary supersymmetric Chern-Simons theory on the punctured two sphere and 
naturally satisfies the Bekenstein bound, where area is measured by the area operator 
of quantum supergravity. 
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1 Introduction 

In this paper we describe a formulation of quantum supergravity with a finite cosmological 
constant, in the presence of a timelike boundary with finite spatial area. We show that, 
as in the case of quantum general relativity [l], || , a holographic formulation of the theory 
naturally emerges. This work is part of a series of papers H §, [|[ in which we are extending 
to quantum supergravity the methods || [7|, || |], [TO]] which have been developed successfully 
to formulate quantum general relativity^]. 

The particular interest in this paper is the form of the boundary theory, which turns out to 
be built from the states of a supersymmetric Chern-Simons theory based on the superalgebra 
Osp(l\2) © Osp(l\2). We believe that, when extended to the Af = 8 case, these results will 
be significant for the understanding of the AdS/CFT conjecture in 3 + 1 dimensions. The 
extension of our results to the N = 2 case may also make possible the detailed comparisons 
of the string theory and loop quantum gravity description of boundaries and horizons [[L]]. 
These questions will be the subject of further papers in this series. 

Along the way, the key idea that we exploit is that supergravity, as well as general 
relativity [TJ, can be understood as a constrained topological quantum field theory. This 
emerged already in several papers [IB, [TJ]]. This fact is responsible for the characteristic 



form of the boundary theory, as made up of conformal blocks coming from representations 
of topological field theory. 

For the case in which spacetime has a time like boundary with finite area, the holographic 
principle can be stated as follows |EJ, |], [15], |l^, [17], |1 



1) The hilbert space Tig for all states of a quantum gravity theory on the interior of a 
spacial manifold M. must be decomposable in terms of eigenspaces of an observable A that 
measures the area of the boundary B = dM.. Thus, 

7~Lb = ^2^a, (1) 

a 

where a are the eigenvalues of the area operator A. We write the decomposition as a sum 

because A is has been shown to have a discrete spectra, assuming only that it may be 

regulated in a way that results in an operator that is finite and diffeomorphism invariant ||. 

1 Earlier papers in this direction include |ll], 12, [13, 14 



2) The physical state spaces 7i a must have finite dimension bounded by 

dim(H A ) < e^a. (2) 

3) A complete measurement of a state in "Kb must be possible using only elements of an 
observable algebra Ab associated with measurements that can be made on the boundary B. 
The area A must be one of these observables. 

This is a powerful clue, because quantum field theories with finite dimensional Hilbert 
spaces are not common (even the harmonic oscillator has an infinite dimensional Hilbert 
space.) The only large class of such theories are topological quantum field theories (TQFT). 
A natural strategy for formulating holographic quantum theories of gravity is then to look 
for quantum field theories in d + 1 dimensions that induce TQFT 1 ?, on their d dimensional 
boundaries. One advantage of such a formulation is that it is already in a language which is 
background independent and non-perturbative. 

As shown in |l], § , quantum general relativity is exactly this kind of theory, as it can be 
understood to arise from a topological field theory by the imposition of certain constraints. 
We have also found this to be true of 11 dimensional supergravity, at least at the classical 



level [28]. The main goal of this paper is to extend that analysis to quantum supergravity. 



In all these cases there is a set of exact physical quantum states in the bulk, associated 



with the boundary states [jT^, |20|. Besides being exact descriptions of the Planck scale 



structure these states also have semiclassical interpretations in terms of fluctuations around 



AntideSitter or deSitter spacetimes [19|, |2T|j 



That such results are possible at all may seem very mysterious, given that these theories 
are perturbatively non-renormalizable. They are possible because these are not just any 
non-renormalizable theories; they have special structures, which are in fact closely related to 
topological field theories. In fact, general relativity and supergravity ( at least for N =1,2) 
can be formulated as constrained topological field theories. This means that the derivative and 
boundary terms in the action are the same as in a related topological quantum field theory. 
The local degrees of freedom are introduced by a set of local constraints that do not involve 
the derivatives of the gravitational fields, and so do not alter the commutation relations of the 
quantum theory. It is this special structure that makes possible the holographic formulation 
of these theories, as well as a long list of other non-perturbative results, in both the canonical 



22J and path-integral |23], p4| frameworks. 

A holographic formulation has been constructed for the quantum general relativity.In 
fact, it has been known for some time that general relativity in 3 + 1 dimensions with a 
non- vanishing cosmological constant can be formulated in such a way that it induces a 2 + 1 
dimensional TQFT on its finite boundary. This theory has exactly the form just described, 
where the finite dimensional Hilbert spaces on the finite boundaries of a given area are built 
from the conformal blocks of an SU(2) q , WZW conformal field theories on punctured spheres 
U . The area of the boundary is given by the sum of the total spins of the punctures, and the 
level k is related to the cosmological constant by k = 67r/G 2 A |l], |25]. This new formulation 
is treated in 0. The basic framework developed there is based on a representation of general 
relativity as a constrained topological field theory (TFT). The starting point is a TFT for 
an algebra G, taken to be Sp(A). This theory has no local degrees of freedom, but induces 
degrees of freedom on finite boundaries which arise from a 2 + 1 dimensional Chern-Simons 
theory on the boundary. The local degrees of freedom are introduced by imposing constraints, 
which break the gauge symmetry to a subgroup H = SU(2)l®SU(2)r. The result is that the 
physical degrees of freedom live in the coset G/H. The degrees of freedom on the boundary 
are also restricted to those of a Chern-Simons theory for H, but with curvatures constrained 
by the degrees of freedom in the coset, which turn out to parameterize the induced metric 
in the boundary. Further, the generators of the gauge transformations for the coset G/H do 
not disappear, they instead emerge as the generators of four dimensional diffeomorphisms. 
Extended to the boundary theory, they define the Hamiltonian of the theory. 

In this paper we extend this construction to the N=l chiral supergravity. We organize 



the paper as follows. In section two we rewrite the N=l chiral supergravity [JTTJ] in the 
formulation of 0sp(l|4) constrained super BF theory. Then in the following section we give 
the canonical formalism of the theory. The boundary formulation of the model which has 
finite boundary is described in section four. In section five we give the quantum mechanical 
description of the theory, and show that the space of boundary states can be constructed 
from the state space of an Osp(l|2) ®Osp(l|2) Chern-Simons theory. We show that as in 
quantum general relativity, the Bekenstein bound is naturally satisfied |jl[. We conclude the 
paper with a discussion of future directions. 



2 Supergravity as a constrained topological field the- 
ory 

M = 1 supergravity can be written in a chiral formulation in terms of the pure spin connection 
nj. Here we'll show it can be written down directly as a constrained B A F theory by 



extending the algebra of the connection from «Sp(4) to Osp(l\4,R). This is similar to the 
way that supergravity was established as a constrained BF theory by Sano [[HI and Ezawa 
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The Osp(l|4) superalgebra is a graded extension of the Sp(4) Lie algebra. It is generated 
by bosonic generators Jab, Ja'b 1 , and Jaa 1 which span the sp(4) algebra and fermionic gener- 
ators Qa and Qa 1 , where (A, A') is a pair of SU{2) indices corresponding to SU{2)@SU{2) C 
Sp{A). The superalgebra is 



r j t cd ] - ^ c l D "> r T T C ' D '] - ^ c ' l D "> 

[Jab, J \—°(a j b)i Wa'b',J \ — °(a' j b>)i 

[Jaa'i Jbb>] = cabJa'B' + ca'B'Jab, {Qa, Qb} = —^—Jab, 

{Qa>,Qb'} = —q—Ja'B 1 , {Qa,Qa>} = — — Jaa>i 

[JaBiQc] — ^C(aQb), [Ja'B'iQc 1 ] — €C'(A'Qb>), 

[Jaa 1 , Qb] = cabQa 1 , [Jaa>, Qb'} = £a'b>Qa, 

[Jab,Qc>}=0, [Ja>b',Qc} = 0, (3) 

where G is the bare gravitational constant and the A is cosmology constant. 

The supertrace, Str, may be defined acting on the generators. The non-vanishing terms 
are 

STr {J AB J CD } ■= 5f A 5 D B ] STr {j A <B'J C " D '} := 5^5%] STr {.J A a>J BB '} ■= Sffi, 

STr {Q a Qb} ■= \t A B STr {Q a >Qb'} ■= ±e A , B .. (4) 

The configuration variables of the theories we will study here are the components of the 
connection one form of Osp(l\A). 

A = A AB J AB + A a ' b 'Ja>b' + \e AA 'j AA ' + 4> a Qa + X A 'Qa>, (5) 



where I is a constant with the dimension of length. We see that it includes the vierbein 
one-form e AA and gravitino and anti-gravitino one forms ip A and \ A ■ 
The curvature two form T is 

T : = dA+[A, A] 

= F AB J AB + F A , B ,J A ' B ' + F AA ,J AA ' + F A Q A + F A ,Q A '. (6) 

The components of the curvature are, 

Fab = Iab + pe A A> A e B A ' + ^^ A A if> B , (7) 

F A = dip A + A^Atp B - \e AA , A x A ' = Dip A - \e AA > A X A ' = Ia ~ \e AA ' A x A ' , (8) 

F A 'b> = f'A>B> + j2e A >A A e% + ^Xa' A X b>, (9) 

F A > = d XA ' + A A > B ' A xb> - je A 'A Aip A = D X a> ~ je A > A Aip A = f A > ~ je A >A A ip A , (10) 

F AA > = de AA , + A B A e BA > + A% A e A& + ^^a AXa>- (1 1) 

To construct the action we will need a Lie algebra valued two form B, whose components 
are labeled. 

B := B AB J AB + B A , B ,J A ' B ' + B AA , J AA ' + fiB A Q A + ^B A ,Q A ' . (12) 

We can now write the action for the Osp(l\A) BF theory. 

-il=-i [ STr{±B A T - C -B A B}. (13) 

Jm 9 2 

Here g,e are dimensionless constants. Note that /i appearing in (||) and flT2"|) is another 
dimensionless constant. 

The super-Si 7 " theory is a topological quantum field theory in that it has no local degrees 
of freedom We now follow the method introduced in || and construct the action for super- 
gravity by constraining the fields of the topological super- .BF theory. To do this we break 
some of the gauge invariance by imposing local, non-derivative constraints. The supergravity 
action is 

— ,'T^ n *** a ' n'T'SBF ■'j-Constraint (~\A\ 



where 

jConstraint 

IM 

In components this action is 



/ \ AB (±e AA , A e B A ' - B AB ) + A A (f e AA , A X A ' ~ B A ). (15) 

JM 



_ iT initial = J 1_( Bab A F AB + 1^ A pA) _ S?(B AB A B AB + fB A A B A ) 

+js(B A , B , A F A ' B ' + iB A , A F A ') - ^{B A , B , A B A ' B ' + f B A , A B A ') 

+ji(B AA , AF AA ' - ^B AA ' AB AA ,) 

+\ AB (jie AA/ A e B A ' - B AB ) + A A (ie^/ A X A ' ~ B A ) 

+\ A ' B \ 1 je AA , A e' B A - S AB ,) + A A '(ie^ A ^ A - B A ,)- (16) 

Note that the field equation for B AA yields, 

F AA > = B AA! . (17) 

Thus B AA i carries the information as to the torsion, so that 

B AA > = \je AA , + ^^A A xa>- (18) 

The other field equations will eventually set B AA to zero, hence this part of the action is 
redundant and can be dropped. This simplifies the resulting canonical analysis, but does 
not affect the field equations. Once this is done the action splits into left and right handed 
pieces 

_ iX SG = -iX s L G + -il^, (19) 

where 

-il s L G = I ±(B AB AF AB + ±B A AF A ) - §(B AB AB AB + ^B A A B A ) 

JM y 

+\ AB (l?e AA , A e B A ' - B AB ) + \ A {\e AA , A X A ' ~ B A ). (20) 

The right handed piece is formally the conjugate of the left handed piece that results from 
switching primed and unprimed indices. We will see shortly how the reality conditions arise, 
whose effect will be to require that they are complex conjugates of each other. 

To see that (|20| ) is an action for N — 1 supergravity we proceed to solve the constraint 



for B AB and B A 



Bab = pe AA > Ae/, (21) 

B A = \e AA ^ X A '. (22) 

Substituting the solutions to (p0|), we find the action taking the form 



-iTl = I M e AA>Ae B A ' Af AB + e AA ,Ax A ' ADiJj a ) 

J M y 

-f(f - e i^ eAA ' A e ^ A eAB ' A eB ^ + ^r( e ^' A esA ' A ^ A ^) 

- j (# + ^)(^A' A X A ' A e A B , A X B '). (23) 

If we define the dimensionless constants as follows 

G:=<?1*; A :=£(£-£); M := ^ (24) 

Then: 



T L = [ ij(e AAI Ae B A, Af AB + e AAI A X A 'AD^ 



IM 

-±{e AA ,Ae B A ' Ae AB ' Ae B .) 

+ ^{e AA , A e B A ' A ^ A ^ B ) - #(^' A X A ' A e A B , A X B '). (25) 



This is the same action as the CDJ formalism |26j after we solve the constraint equations 
associated to the Lagrangian multipliers 4> AB cd and K AB c jUj . We may note that the 
cosmological constant is zero if e 2 g 2 = 2, at which point \x = — 1. 

3 The Canonical Formalism of N=l SCBF theory 

We now study the canonical formalism for N — 1 supergravity based on the fields just 
introduced. Our main goal is to understand those issues which arise in the supergravity 
case. These mainly have to do with how the anticommutation relations between the left and 
right handed supersymmetry constraints arise and how they come to close on the spatial 
diffeomorphism and hamiltonian constraints. 

In this section we ignore the possibility of boundary terms. Many of the expressions will 
later be modified by the presence of boundary terms. 
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3.1 The 3 + 1 decomposition of the action. 

In the last section we see that N — 1 supergravity can be written as a constrained topological 
field theory based on the supergroup Osp(l\4). The total action can be expressed in terms 
of the component fields 



-iX 



-i J m dx 4 {jz(B AB A F AB + \B A A F A ) - ^{B AB A B AB + ^B A A B A ) 
+\ AB (^e AA , A e B A ' - B AB ) + \ A (\e AA , A X A ' - B A ) 
-jj(B A , B/ A F A ' B ' + \B A , A F A ') + £{B A , B , A B A ' B ' + ^B A , A B A ') 
-\ A ' B \^e A , A A e' B A - B A , BI ) - \ A \\e A , A A ^ - B A ,)}. 



(26) 



We proceed with the 3+1 decomposition of the action. We assume the spacetime has hyper- 
bolic structure and has the topology of R x E. We then express the action in terms of space 
and time independently 



a = -i j dt I dx 3 e abc {^(B ah AB A cAB + jB ab A ijj cA - B ab A ' B! 



~tr 



AcA'B' — J B a b XcA' 



1 1 1 1 

^0 {D a BbcAB + -jB bcA 1p aB ) -A Q (D a B bcA i B i + -B bcA iXaB' , 

I g 2 I 



2^0 



9 
+y'0o -^{D a B bcA + G\ / AB bcAB ip a ) + A ab^cA'A — -^\B ab e cA i A 



A' 



-^(D a B bcA i + GvAB bcA > B >x a ) + A ab e c AA' — -^jB ab e cAA > 



-J X0 

I „ f 2 nAB„ A' , 2\AB a A' , 1 \ A ..A' 1 dA^tI' 

+e j 4A'0[p|2 J D a 6 e cB + ]2\ b e cB + jA ab X c - ^p^abXc 

2 ni'B' A 2 \A'_B' A 1 \A'i,A , 1 dA' /,Al 

-^2pB ab e cB , - ¥ A ab e cB < - j\ b ^ c + -^pB ah ^) c \ 

-jzfbcAB + -^2]2e bA e cBA i + -js^j—ipbAipcB — e B bcAB — X bcAB 

XbA'XcB' — e B bcA i B i — X bcA > B > 



9 

+B 



-B 



AB 

'0a 

A'B' 
0a 



+ 7*& 



--£. 



On 



■gsfbcA'B' + ^2p-eM' e c B'A + p' - 21 - XM'V'-R' — e BhrA'Ri — A? 
-jzfbcA — -^l^bAA'Xc ~~ e ^ BbcA — ^A 

-jifbcA 1 — -z : r l B bA > A ifj c — e \x B bcA i — l\ bcA > 



+A 



o« 



i „a 



p%A e cBA' — B bcAB 



B>, 



xA'B' 



p e bA' e cB'A — B bcA t B i 



l„A' 



+ Ka J e bAXcA' - B bcA 



-A 



Od 



e bA 'ip C A — B bcA i }. 



1„A 

i 



(27) 
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Here is the time-like index and a, b, c(= 1, 2, 3) are space-like indices. From (|27), we define 
the non- vanishing momenta for the forms A AB , A A 'b>, ipA, Xa 1 asp] 



71 AB ■— -J2 e &bcAB K A , B , 



F e Bb 



72 e J^bcA'B', 



;r , : -f r'"" L>\„. \ ir A , :— -\e a c B bcA i. 



(28) 
(29) 



-iX 



The other momenta for the forms B, A, and eoA'B' vanish. We then rewrite the action as 

a \AB 



u ' u ' + 7*%x2) 



dt y^ dx 6 {{ir a AB A™ + -<n\tf + *%*< 
+A AB (D a ir a AB + -^ aB ) + A A ' B '(D a ir a A , B , + ~ir% X aB 



+ -^ Q A [(D a 7r a A + GVAjr a AB ^ B ) - te abc \ A ' ab e cA > A + )n aA 'e aA , A 



-jXo 



A' 



(D a 7r% + GVATr a A , B , X B ') + it ahc \ A ah e cAP , + \n aA e aAA , 

i_ \2 a AB„A' 1 ~a,A„,A' 2i abc\AB c A' i £ abc\A ,.A' 

+eAA'0[|2-7T e aS - yjTT Xa - F 6 A ab e cB ~ J e KbXc 

, 2 aA'B' A 1 „aA'i.A , 2£ a&c \ A'B' A , i _afec \A' i.A] 

-rp 71 e aB> p 71 Wa + I2" 6 A afe e cB' + j € A abWc \ 



-%B, 



+iB, 



AB 
Oa 

A'B' 
Oa 



1 ,abc f i 1 ..abc^A' „ i 

72 e jbcAB + 7272 e e fcyl e C BA' + 



<? 2 * 2 



9 2 21 



AB 



1 r abcf_ . _ _j 1 ^abc„A' „ _ . . _l 1 GyA ^abc„i, ,.„/,_ ^^2^2^-a ^abc\ 

-— g-t- •"* — g- z< ' -~ • — " "" 

_abc i" _j_ 1 ,-abc^A „ _j_ 

2 e JbcA'B' + 7272 e e M /e c B'A + 



bcAB 



1 _abc . 



:5, 



Oa 



J_ abc x _ 

g 2t JbcA g 2 



9 2 21 
r abc _ ...A' • 2„2,,2,_a i,abc\ 

ye e^AA'Xc — ie g fi n A — le \b c A 



1 Gy/X^abc-, -., i ' 2„2_ „ c abc\ 



+;*£ 



1 ,abc £ J\_,abc „/.A i „•„ 2 „2 ,,2_a l^abc\ 

72 e JbcA' — T^e e & A'A^ c +ie g fi n A , — le A bcA > 



-iX 



AB 
Oa 



yk^e^ecBA' - ^ 2 7T AS 



+ iA 



Oa 



1 ^abc „A ~ i ,;^,2-_a 

/2 e e M /e C B'A + ^ ^a's' 



-*A^ a 



T e e AXcA' - ^ ^A 



+ zA 4 ( ;[ie a VA^ c A + ^ 2 vrd}- 



(30) 



3.2 The primary constraints 

We first consider those constraints associated with Lagrange multipliers Ao- The solutions 
to these equations will help to simplify the other constraints. To break the topological gauge 
symmetry of the BF theory, and in the process introduce the local degrees of freedom, 
additional constraints have been introduced in (p7|) . Their canonical form can be read off of 
(0), yielding 

Ab ■= jt e^e&ecBA' ~ ig 2 v a AB = 0, (31) 

2 These will receive corrections when we introduce the boundary terms. 
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J%B> ■= ^ZbA'ZcBiA + ig^A'B' = 0, (32) 

J a •■= je abc eblXcA> - ig 2 K a A = 0, (33) 

j% : = \ e abc e^ cA + ig 2 *%, = 0. (34) 

These equations set the 7i aA B ,7i aAB ,7i aA and 7i aA to be the duals of the two forms con- 
structed by the frame fields and the spinor fields. 

We first discuss the solution to the bosonic constraints (|31|) and (|32|). These are the same 
as in general relativity and we refer the reader to for more discussion of the following 
points. We introduce the quantities Naa> which is defined as 

N AA/ =t»e^ AA ,, (35) 

where t M is the timelike unit normal satisfying tH^ = — 1. Then we can express e AA , in 
terms of Ng and either n aAB or n aA B 

e A a A ' = jne ab ^ B ^ c A N A ', (36) 

ef A = ^ h e abc n bB ' c '^ A 'N A , (37) 

where h is the determinant of the spatial metric h^. 
Notice that there is a secondary constraint, which is 

-dAA' _ 1 _ ^bBC^cA j\tA' 1 , „bB'C' cA' j\tA /oo\ 

K a - -Jh e abcK ^C 7V B ~ ^abc^ ^ C> N B> ■ V>°) 

This expresses the reality conditions. We will later use a consequence of this, which expresses 
the idea that the areas of surfaces defined from the left handed fields are equal to the areas 
defined from the right handed fields P]. 

We now come to the treatment of the fermion variables. There is a difficulty which 
arises from equations ( p3| ) and (|34j). These tell us that the Poisson antibracket {ipA,XA'} is 



non-zero. Hence the configuration space can't contain both fermionic fields ipA and xa> and 
we cannot construct a quantum theory in terms of simultaneous eigenstates of ip A and \A' ■ 
This is a well known problem in fermionic theories, there are two ways of handling it. 
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3.3 Treatment of the fermionic constraints: method 1: 

We break the left-right symmetry immediately and choose, arbitrarily to diagonalize one of 
the fermion fields, say ipA, while treating the other, xa 1 , as a momentum field. This means 
that we will choose a representation such that 

f l |r> = v^|r>, (39) 

in which the action of xa' will be 

x A '\r) = e AA '^\r). (40) 

Here for convenience we'd like to choose the conjugate pairs (A AB , n AB ), (A A b , 7r% B ,), and 
{ip A , ^a) f° r the phase space, and the Poisson brackets are 

{<K aAB (x),A bCD (y)} = 8 a h 8 A c 8 B f{x,y), 
{n aA ' B '(x),A bC , D ,(y)} = 8 a b 8fc:8%f{x,y), 

{K aA {x)^ hB {y)} = -6 a b 8 A 8 3 (x,y). (41) 

with the rest being zero. We need to solve for the other variables e AA , n aA , x A i n terms of 
the canonical momenta from equations (|36l)- (|4"3l) . To do this we solve the remaining primary 
constraints (|33"D and (0) to find, 

X? = ^je^^ANg , (42) 

* a A< = ^e abc e A A ^cA. (43) 

Proceeding from here we quickly reach the form of canonical supergravity discussed al- 



ready by Jacobson in [11 . 



3.4 Treatment of the fermionic constraints: method 2: 

The second method is to keep left-right symmetry at the cost of keeping in the theory both 
sets of fermionic variables, along with the constraints that imply their redundancy. This will 
be convenient for the study of the boundary theory as well as the quantization. 
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To do this we find the secondary constraints which are analogous to (38) which impose 
the relations between the left and right fermionic variables. Taking linear combinations of 
(0) and (HD we find that 

itfJZ := \ e o6c Vf ego,*, - ig 2 ^A = 0, (44) 

XaJl> ■= je abc xfe^ cA + i9 2 X^% = 0. (45) 

By adding and subtracting we get an equivalent set of constraints 

R = #ta - Xa-K* = 0, (46) 

S° = e abc X A ' e£ A 4cA = 0. (47) 

eliminating ef A , we have 

S = X A :KAc^ ]CA ^a = 0. (48) 

3.5 Elimination of the lagrange multipliers A. 

We will want to eliminate the X AB and Xa'b' from the canonical theory. This can be done 
by solving the constraints that follow from the vanishing of the canonical momenta for 
B AB , Ba'b', Ba, B a >. These are 

to, 1 abc £ I 1 r abc„A' „ _j_ 1 GyA r abc„u „/. „'2„2„a r abc\ r\ ( j\c\\ 

I AB ■— p e JbcAB + ppC e bA e c BA' + -ji zT e VAbWBc — ie g 7l AB — € AbcAB — U, \4M) 

to, 1 abc £ _j_ 1 r abc„A „ i 1 GvA.afc,. ... i • 2„2„a r abc\ r\ {zr\\ 

i a , b' ■— p e JfecA'B' + pp-e e 6A ,e c s'A+p--2|-e XA>bXB'c+ie g n A , B ,—e A bcA i B > — U, {oU) 

I\ := j,e abc f bcA - ^e^etAA'X? ~ ie 2 g 2 ^ a A - k abc X bcA = 0, (51) 

1% ■= ^ abc hcA> - jr^etA'A^t + ie 2 g 2 » 2 ir A > ~ le abc X bcA , = 0. (52) 

These are second class constraints and can be solved to eliminate XbcAB, X bcA > B i, X bcA , and 
\ bcA i in terms of the other variables: 

e abc X bcAB = ±e abc f bcAB + m a AB + ^^ e abc ^ bA ^ cB - ie 2 g 2 n a AB , (53) 

e abc X bcA ' B ' = ±ie abc f bcA , BI - m% B , + jz^e abc X A'bXB>c + ie 2 g 2 n a A , B ,, (54) 

le abc X b cA = J2e abc f bcA - iir% - ie 2 g 2 ^ a A , (55) 

le abc X bcA > = j,e abc f bcA , + m\, + ie 2 g 2 ^% . (56) 
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3.6 The Gauss and supersymmetry constraints 

Now we come to the constraints that impose the Osp(l\2)L®Osp(l\2) B local gauge symmetry. 
These are 

G AB := D a ir a AB + jir a A i> aB = 0, (57) 

G\ := D a ir A + GVATT a AB ^ + }n aA 'e aA , A -ie abc \ A ' ab e cA , A 

= D a irl + GVAK AB ^ + (^e abc f£ + ^7r aA y aAIA = 0, (58) 

G A 'B> ■= D a lT a A , B , + -7T%XaB' = 0, (59) 

G% := D a -K% + G^/A7T a AIB , X f + jrr aA e aAA , + ie ahc \ A ab e cAA , 

= D a 7r A , + GVArr% BlX f + {jr^ft + ^ aA )e aA A> = 0. (60) 

where (^5|) (^) are used to cancel the multipliers X A b and X A b out of the equations ( |5S| ) 
and C|6CD . Here G AB and Ga'B' are nothing but the ordinary SU{2)l ® SU(2)r Gauss law 
constraints, and G A , G A , are the left-handed and right-handed supersymmetry constraints 
respectively, which are different from those of chiral supergravity due to the appearance 
of e AA ', which mix the left-handed supersymmetry constraints (L A ) and right-handed ones 
(R A /) in chiral supergravities together in the form: 

G A = L A + R A G A , = L A i + R A i, (61) 

where 

L A : = D a n A -GVXiT AB i>*, (62) 

Ra>: = (^e abc f b A c + ^ aA )e aAA , } (63) 



and R A i seems not to be conjugate of L A f\. However, using (|36l)-([43"D and fljjf ), we can change 
the form of R A > and find, 

RA - {-g^e the + IT 71 ) e aA'A - L> a -K A + -^-Tl AB 1p a 
= L A -^-7T AB ^, 

L A , = D a n Af + GVA7t A , B ,^' = (^- l e abc f A + GVA7r aA )e aA A 



2GVX ^ 



Ra> + ~^r aAA '- (64) 



3 This is the characteristic of chiral supergravity, see |ll|| 
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To show this, we only need consider the key term and find it can be changed into the following 
expression, 

—i^abcfA' —i,abc\j ,.A' _i_ aA'B\. 1_ 

pjf J be e aA'A - -gT^ [dbXc + A b XcB'\e a A'A 

= ^T^ a [dbXc e aA'A] + pi^ C X C {db^aA'A + A bA ,e aB ' A ) 

= D b n b A - Af A n b B + ^e abc X ? D b e aA , A 

= Dy A - A^ b B + ^e^xf [-A* A e aA , B - ^xm'^] 

= D^-^e^xfxbA^aA 

= D b 7T b A . (65) 

Combining these equations together we find: 

G\ = 2(D a 7r A + 2 -^7r a AB ^) = 0, (66) 

G% = 2(^e^f b A c + ^^ A )e aAAI =0. (67) 



They are conjugate of each other indeed! We may also note that if we write 

Vh 



N A , 
G A , = —t=G a , (61 



we have 

Ga = ^fifg + 2 -^* aB e abc )AnK cDA - (69) 

If we consider the Poisson brackets between the G AB and G A , we find that they does 
form a close algebra for Osp(l\2) as in the case of chiral supergravity 

{G(\),G(X')} = G([X,X']), (70) 

{G L ( V ),G(\)} = G L ([r ] ,\]), (71) 

{G L (r ] ),G L (r ] ')} = G([r ] ,r ] % (72) 

where G and G L are the constrained functional smeared on the three dimensional space. 
The same is true for the combination of the G a >b> and G A >. So all these equations form the 
super Gauss's law which generates the Osp(1\2)l © Osp(l\2)^ gauge transformations of the 
canonical variables. 
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In this sense we can say our model is combining two copies of the chiral supergravities into 
one. 

We still have to discuss the commutator of G A with G A . This requires more work as it 
involves the hamiltonian and diffeomorphism constraints. 

3.7 The hamiltonian and diffeomorphism Constraints 

We come finally to the constraint associated with the Lagrangian multiplier Cqaa 1 - As in ||] 
these will contain the Hamiltonian and diffeomorphism constraints. We have 

r<AA' . _ 2„aAB a A' I -aA-JL' 2i^abc\AB a A' i c abc\A ..A' 

*-* • ~~ P n c aB W 71 X a F e A ab c cB J e A abX c 

\1—aA'B'A 1 —aA' „l,A i 2i gr abc\A'B'A \i c abc\A'i,A 

"TpTl e aB , — pK Wa + ~p e A ab e cB' + J e A abW c 

= 0. (73) 

To understand this constraint better, we try to change it into a new form in which Gaa 1 is 
divided into two conjugate parts {Cab,Ca'b')- 

n AA' _ 2 I n AB^B , M'fi'^B'l (n A \ 

G -g[° 7K + c 7KJ- (74) 

To find the forms of C AB and C AB we need only to plug all the solutions (36D-(43|) and 
(^3|)-(|56D into (|73|), then we find C AB and C A B have the following form 

C AB = ^e abc ^ Ac n bBD ^ CD - 2iir" BC ir b DC f AD - i^A^c^^D 

+ ^g 2 e abc n aA n bBC ^ c - 2iir aBC ir b c f A , (75) 

C A ' B ' = ^e abc ^ A ' c 'n bB ' D \ h , D , + 2vK« B ' c '* b D , c ,f«» + i^ B ' C ' ^aX* X? ' 

+^g 2 e abc 7r aA \ bB ' c \ c c , + 2i^ B ' c \ b c ,f A i (76) 

As is the case in general relativity |2j , it turns out that the four constraints C AB contain 
both the diffeomorphism and hamiltonian constraints of the supergravity. If we only consider 
the terms only involving the variables tt\ b and F ab AB, then the constraints go back to those 
of the quantum general relativity . 
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4 The boundary theory 

We are now ready to focus on the construction of the boundary theory. We follow the 
formulation given in || for general relativity with Lorentzian signature. This is related to 
the Euclidean formulation given in |lj, but differs from that in several significant aspects. 

We study first the addition of a boundary to the action and equations of motion. Once 
this is understood we will proceed to their expression in the Hamiltonian formulation. 

4.1 Boundary terms in the action and equations of motion 

In the presence of the boundary, the ordinary variations of the action are not well defined 
unless boundary terms are added to the action and some boundary conditions are imposed. 
These must be chosen so as to cancel the boundary term in the variation of the action, so 
that the total action is functionally differentiable. We will assume that M. has the topology 
of R x E, so that dA4 ph R x <9£, where <9£ is a compact two manifold. We will assume here 
that <9£ ~ S 2 , but it is not difficult to consider the more general case. 

It's very interesting that the total action fl20|) can be supplemented by the Osp{l\2) L © 
Osp(l\2)ji super Chern-Simons term with the appropriate boundary condition 

S cs = ^ Iom Y CS (A AB , ip A ) - ^ J dM Y cs (A A f B/ , xa') 

= itJ dM (A AB AF AB + lAAAAA + ^ A AF A ) 

-£ JdM (A A ' B ' A F A , B , + \A! AA'AA + ^ X A ' A Fa,), (77) 

Where (F AB , F A ) and (F A , B ,, F A ,) are components of the curvature of the one form con- 
nection of Osp(1\2)l and Osp(l\2)n respectively. They are of the form 

Fab = /^+^iAfe 

F A = D?p A = f A , 

F A 'B> = Ia'B' H — 2TXa> Axb>, 

F A , = D XA > = fA>. (78) 

If we take the variation of the total action 

SS tot = 5S BF + 5S C s 
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/ (...) + / 6A AB A {-Bab ~ ^F AB ) + <^ A A [-B A - -^(F A + A AB A ^)] 
Jm JdM g l 2n g l 2tt 

f 6A A ' B ' A {- 2 B A>B , - £-F AfB ,) + 5 X A ' A \- 2 B A , - ^^(F A , + A A , B , A X B ' )lJ9) 
JdM a 2 2rr a 2 2n z 



we require that the boundary terms vanish. In order to induce a local boundary theory, we 
require that the integrand of the boundary term in the variation vanish. This leads to the 
following conditions, 

e abc 5A AB (\B abAB - ^-F abAB ) = 0, (80) 

e abc 5^ A [- 2 B abA - ^^A(F abA + A aAB A z/>f)] = 0, (81) 

ill k 

e a C 5A C {-^B abA i B i — —F abA i B i) = 0, (82) 

e abc 5 X A '[- 2 B abA i - ^^{F abA , + A aA , B , A X f )] = 0. (83) 

There are several ways to satisfy these conditions. Taking the boundary term involving 5A AB 
as an example, we find 

• One can fix the variable A a on the boundary: 

5A AB \ dM = 0. (84) 

• One can take the self-dual conditions for the curvature F abAB : 

I F abAB ^rB abAB \ = 0. (85) 

• We can consider some combination of these two conditions in which ( JS4|) is imposed 
on some components of the connection while (|85| ) is imposed on the others. 

The first case is simple, but leads to a reduction of the local gauge invariance on the 
boundary. The next simplest case would be the second (|85|). This is what was done for the 
Euclidean theory in Q. An advantage of this condition is that it leads to no reduction of the 
local gauge symmetry on the boundary. However, in the Lorentzian case, (p5|) is too strong, 
as it can be shown that all of its solutions correspond to a surface wiggling in a fixed AdS 
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space time. By counting there is one degree of freedom, but this turns out to correspond to 
local longitudinal motions of the surface. 

This problem does not arise in the Euclidean case studied in |]J because the left and right 
handed components of the connection are independent. It is a consequence of the fact that 
in the Lorentzian theory they are instead related by the reality conditions, which require 
that they are complex conjugates of each other. 

If our boundary conditions are to allow an infinite dimensional space of solutions we must 
then loosen the self-dual boundary conditions. We do this as follows. 

We begin by imposing a time slicing of the boundary, which corresponds to some choice 
of time coordinate t on dM.. We then restrict attention to a spatial slice of the boundary at 
fixed t =constant. We proceed by specifying a set of preferred points on the spatial boundary, 
which will be called punctures. They will correspond to points where the spin network states 
meet the boundary in the quantum theory. Each puncture is surrounded by a region of the 
spatial boundary. In each region we introduce local coordinates (r, 8) which are angular 
coordinates with the puncture at the origin. These can then be joined yielding a single 
coordinate patch on the whole punctured sphere, which reduces to an angular coordinate 
system in the neighborhood of each puncture. Bringing back t we then have a coordinate 
system (r, 9, t) on the whole of dM minus the world lines of the punctures. 

Then we put the following conditions for the components of the fields 



1 B k = 

9 2tt 



— B r QAB — —F T eAB = 0, (86) 



1 k ~ 

—^BetAB — —FgtAB = 0, (87) 

SA e = 0. (88) 

The first two equations, (|86| ) and ( |87j ) correspond to imposing the self-dual boundary con- 
ditions on the components F r e and F t e- But instead of constraining the F rt component 
we impose the third condition (|88|) . The radial component of the connection, A r , is thus 
unrestricted and is free to evolve with time. 

It can be checked that when these conditions have been imposed the bulk theory is not 
trivial and has an infinite number of solutions. 
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We can then write the boundary conditions in terms of the component fields, yielding, 

1 2tt ,, GVX , 

JrOAB = p^r e rAA> A e eB Wj~^ rA A ^ B ' ( 89 ) 

1 2n 

frOA = J^7 e rAA' A xf , (90) 

r 1 27T ai Gy/A , , . . 

JtoAB = n^ etAA ' A e 8B 21~^ tA A V eB > ( 91 > 

fteA = j^e tAA > Axt , (92) 

SA eA B = <ty M = 0. (93) 

Consistency with the field equations leads to relationship between the constant k and the 

cosmo logical constant, 

G 2 A = ^. (94) 

k 

4.2 Boundary terms in the canonical theory 

Next we describe the expression of the boundary terms and conditions on the canonical 
theory. The first effect to take into account is that the boundary terms alter the definition 
of the momenta of the fields, due to the fact that (f77| ) contains time derivatives, 

<b ■= f^B bcAB {x) + ^Jd 2 S(a)e ab A AB 5 3 (x,S(s)) } (95) 

« a A'B> ■= f^ ahc B hcA , B ,{x) + ^Jd 2 S(a)e ab A A ' B '5 3 (x,S(s)), (96) 

7r a A := fe abc B bcA {x) + £fd 2 S(ay b ^ b A 5 3 (x 1 S(s)), (97) 

*% := f^B hcA ,(x) + ^J d 2 S(a)e ab ^ X fS 3 (x,S(s)), (98) 
where e ab is the area element induced by the volume element on the surface with 

e ab ._ ^bc^ (gg) 

The Gaussian constraints can be expressed as: 

G AB = D a p aAB + q AB , (100) 
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Where 

p aAB ._ ^ e abc B AB^ + £ f d 2 S (a) 6 ab A AB 5 3 (x , S (s)) , (101) 

and 

q AB ._ ^c B A^B + ±JtfS{<T)t*^ll^6\x,8{8)). (102) 

The Gauss functional can be obtained by smearing the constraint on the spatial manifold 
with the appropriate boundary terms, 

G(A AB ) = jf A AB G AB = jf K AB [D a {fe^B AB ) - f^B^] 
— jf ^ab Jd 2 S(a)e ab D a A AB 6 3 (x, S(s)) 

+ 27 L AAB l d 28 ^^^^ S{8)) 

= - jf j s <!*°Bt*DJb. AB - jf Aabj^^B^ 

+ J dsA AB [^e abc B AB n a + ge^ + g^e^MP] (103) 

In the canonical theory the constraint then has a boundary term: 

G(A AB )| fe = / dsA^e^V + g 6 afe (/r + ^^f )]. (104) 

This leads to the canonical form of the boundary terms. 

I k ~ 

~^B abAB — —F abAB . (105) 

Notice that this corresponds with one of the components of the boundary terms we 



imposed in the lagrangian theory (|8q). The boundary conditions (87) do not arise in the 



same way, as they involve the time components of fields, which become lagrange multipliers 



in the canonical theory. The last components of the lagrangian theory (88) persist in the 
Hamiltonian theory. These in fact correspond to the fact that in the quantum theory the 
labels of the punctures are fixed and do not evolve in time. 

In a similar way, the boundary term on the supersymmetric constraints can be derived 
as follows: 

G A = D a p aA + q A (106) 

where 

p aA . = ^ e abc B A {x) + ^ J d 2 S(a)e ab ^^ A 5 3 (x, S(s)), (107) 
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<i A ■= jrr^^B^n + £fd?S(a)e ab ^A£ B i; bB 8 3 (x,S(s)), (108) 

and the supersymmetric functional is 

G(Aa) = I AaG a = jT A A [D a (^e» bc B&) - ^^e abc B^ cB \ 

ikGVA 



2tt 21 7s 
ik 

+ 2Ws 



A A d 2 S(a)e ab D a ^S 3 (x,S(s)) 



A A J d 2 S(a)e ab ^A£ B ^ aB 8 3 (x, S(s)) 
= - j[ ^e abc B&D a A A - jf A A ^ x&A^b^cb 

+ f dsA A [fe^Bin a - g ^ 6 (/a1 + Af^s)]- (109) 

Comparing (|109|) with (|81|) , we have 

■^Som = — ^(F aM + A aAB A V 6 B ). (HO) 

From above consideration, we find both Gauss constraint and the supersymmetric constraint 
are well defined on the spatial surface if we impose the self-dual conditions for the curvatures. 

5 Quantization of the theory 

We are finally ready to discuss the quantization of supergravity, in the presence of bound- 
ary conditions (|36|-|38]). We follow the methods of loop quantum gravity |6|, 0, ||, |^, |T0"]1 , 
extended to theories with finite boundaries in JIJ 0|. Two important parts of the theory 
are the spin network basis R 17] which we extended to supergravity in ||, and the Chern- 



Simons state ||T9"| , pl[] , which was extended to supergravity in fl3 |. The combination yields 
framed or quantum-deformed supersymmetric spin networks, which are constructed from the 
representation theory of quantum deformed Osp(l\2) ]2~T| . 

The method of treating the relationship between the boundary and bulk theory we use 
was developed in [Q and then extended to theories with Lorentzian signature in ||. Here 
we describe only the results, the reader is referred to |l|] and |2| for detail. 

There is a well known non-perturbative procedure to deal with the quantization of the 
bulk theory in the case of general relativity || [7|, ||, |9|, [TOJl- A set of complete but independent 
basis of the quantum states can be constructed by means of spin networks. It is a trivalent 

23 



graph T in which each node join some links. Associated every link, there is a spin ji which 
satisfies some conditions at the node, which is also labeled by an intertwiner u e . Recently we 
extended these techniques to the N=l chiral supergravity with super Lie algebra Osp(l\2) 
|3|] . It turns out that an analogous supersymmetric spin networks can be established for the 
theory. In particular in the basis of super spin networks the spectrum of the area operator 
can be computed out and partly diagonalized. For tri-valent spin networks its eigenvalues 
have a discrete form given by ||: 



A\I»°,TH,v e ) = ^llJj i (j i + h\r'°,n i ,v lt ). (Ill) 

i ' 

Where l p is the Planck length and ji = y. We need modify the construction slightly to 
fit the constrained super BF theory, which double covers over the chiral supergravity. The 
configuration space of the theory is the modular space of Osp(l|2) © Osp(l\2). The basis 
for the Hilbert space can be constructed in terms of the super spin networks for the super 
algebra Osp(l\2)i © Osp(1\2)r. Then the links of the networks are labeled by conjugate 
pairs of spinsfjL, Jr) and the nodes are labeled by pairs of intertwiner s(z/£, vr). There is a 
similar case as in quantum general relativity that we need impose the balanced conditions 
to the pairs of(ji, Jr) and{y L , u R ) to coincide with the reality condition of the theory. These 
conditions are ji = Jr and vl = vr. 

All the construction above can be extended without difficulty to the quantum deformed 
version of the superalgebra, U q (Osp(l\2)), whose representation are finite dimensional and 
bounded by the generic q. The q-deformed formalism of the supergroup give some modi- 
fication to the spectrum of the area but having a similar expression as the ordinary one, 



A\r°,n h v e ) ^dl'i + ^'V^e), (H2) 



where 



qj — q j 



M - J^rr- ("3) 

If we impose all the constraints on the state space quantum mechanically and require 
the results of their action vanish, we could find a set of physical states which actually is the 



4 The quantum superalgebra and supergroups U q (osp(l\2)) are investigated in several places |27t| . and its 
structure of finite dimensional representation are well established. 
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super Chern-Simons states, 

*(r) = J DAei ( Y cs{A ab ^a) -Y cs (A a>b ,,xa'))_ (m) 

It allows us to testify the Bekenstein bound in a quantum mechanical sense. We consider 
the spatial n-punctured boundary with finite area. Associated to every puncture , there is a 
half-integer j a which takes values from 1/2 to k/2, where k is the coupling constant of the 
Chern-Simons theory. Then the total Hilbert space is constructed by the direct sum of the 
state spaces of all Osp(l\2) © Osp(l\2) Chern-Simons theories. Here we pay more attention 
to the contribution of the boundaries. As we know, for every set of the punctures the Hilbert 
space of the topological field theory has finite number of degrees of freedom. In our case it is 
contributed by the conformal blocks for the n punctures of the Osp(l\2) ® Osp(l|2) WZW 
model. We find: 

and the dimensions of the space is: 

^(^ i ... J „0V^.. J J = n(4J, + i). (H6) 

i 

Then based on this result and the holography hypothesis, we can construct the total 
physical state space as the summation of all the possible states of the topological field 
theories: 

nPhys = Y / y: n jx ,..., jn (ii7) 

n Ji.-Jn 

Using (|111|) and ( |116j ), and choosing the constant c, we find the Bekenstein bound is satisfied: 

dMVt.., jn V* ...,,J < ex P { c -^M}. (118) 

6 Conclusions 

In this paper we have extended to the case of iV = 1 supergravity the basic facts about finite 
area boundary conditions worked out previously for quantum general relativity in |1|, [|. 
Here we have treated the case of timelike boundaries following M , it is straightforward also 
to find the same results for the Euclidean theory with cosmological constant by restricting to 
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the left handed sector and then Euclideanizing, as in |T|. A natural extension of the Chern- 
Simons boundary conditions studied in |lj to null boundaries, suitable for the descriptions 
of horizons, has been worked out in [25|, following observations made in [30]. Following the 



results given here it should be straightforward also to extend these results to super gravity. 
Another important thing yet to be done is the construction of quasi-local operators on the 
boundary which represent the hamiltonian and supersymmetry charges. It may be hoped 
that this may resolve issues concerning the positivity of the Hamiltonian in loop quantum 
gravity |3T . 



The next works in this series will extend these results to N = 2 supergravity, which 
should make possible the detailed description of BPS states and BPS black holes in the 
langauge of loop quantum gravity. This should make possible the direct comparison of the 
results on black hole state counting coming from string theory and loop quantum gravity. 
Another application of these results may be to an explicit construction of the boundary 
conformal field theory in the AdS/CFT conjecture in 3 + 1 dimensions. 

As a final remark we emphasize the natural way in which the Bekenstein bound is sat- 
isfied in quantum general relativity given only the imposition of the appropriate Chern- 
Simons boundary conditions 0. We see here that this extends naturally to supergravity. 
This appears to make possible formulations of the holographic principle at the background 
independent level 1 
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